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1. For each statement below, indicate whether it is true or false, and
then give reasons or counterexamples.

(a) Let 4 be a nxn matrix. If the columns of 4 are linearly
independent, then Ax= » has exactly one solution for each vector
b. (4%)

(b) Let v and w be any subspaces of R*® such that Vv ~nWw contains
only the zero vector, then Vis orthogonal to w. (4%)

(c) For any nxmn matrices A and B, detd+detB=det(4+B). (4%)

(d) If the square matrices 4 and B are invertible, then the product
A B 1is invertible. (4%)
2. Solve the following system of linear equations
{x+2y+4z=1

2x-y+z=0
x+2z=1

by using Gramer'srule, (5%)
3. Determine the dimension of each of the following subspaces v :
(a) = Span([1,2,3], [2,3.5], [L-1,0]' )c R?, (3%)
(b) V= {[x.x.2x,xJT R ! x,+x,+%,+x,=0, x,+x,=0}. (3%)
(c) V= the space of all 3x3 matrices. (3%)
4. Let T:R*>R? be a linear transformation defined by
T(x;,%,,%,) = (2%, + X, — X, %, + 3x,) .
(a) Find a base for the kernel of 7 (Kerr). (5%)
(b) Find a base for the image of 7 (ImT). (5%)

(c) Find the matrix 4 representing T with respect to the standard
bases a={(1,0,0Y,(0,1,00,(0,0,1)'} for R* and A={(,0),(0,1)'} for R2.
(5%)
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[image: image2.png](d) Find the matrix B representing T with respect to the ordered
bases y={(1,0,0),(L1,0,01"} for R® and §={(,- 1),(},)'} for RZ.
(5%)

(e) Find the nonsingular matrices P and @, such that
A=PBQ. (5%)
. Find the general solution to the system of differential equations.
X, =X, +X,

X, =X, + X, (12%)

x; =2x,

Let v be a complex inner product space, and let T be a linear
operator on V. Define
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Then

(i) Prove that 7, and 7, are self-adjoint and that 7 =T, +iT,. (5%)

(11) Suppose also that T=U,+iU,, where U, and U, are self-adjoint.
Prove that U,=T, and U,=T,. (5%)

(iii) Prove that T is normal if and only if 7,7,=7,7,. (10%)

7. Given

2 1+i
‘4={1 - }, where i=+-1.
-1

then (i) Prove That 4 is unitarily diagonalizable. (5%)

(ii) Find a matrix P that unitarily diagonalizes 4. (8%)
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